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° Learning Objectives

e A Gradual Introduction to Differential Invariants
@ Global Descriptive Power of Local Differential Equations
@ Intuition for Differential Invariants
@ Deriving Differential Equations

© Differentials
@ Syntax
@ Semantics of Differential Symbols
@ Semantics of Differential Equations
@ Soundness
@ Example Proofs

0 Soundness Proof
© summary
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Learning Objectives

Differential Equations & Differential Invariants

discrete vs. continuous analogies
rigorous reasoning about ODEs

induction for differential equations
differential facet of logical trinity

understanding continuous dynamics semantics of ODEs
relate discrete+continuous operational CPS effects
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Differential Facet of Logical Trinity

Axiomatics

Syntax Semantics
Syntax defines the notation
What problems are we allowed to write down?
Semantics what carries meaning.
What real or mathematical objects does the syntax stand for?
Axiomatics internalizes semantic relations into universal syntactic
transformations.
How does the semantics of e = € relate to the semantics of
e — & =0, syntactically? What about derivatives?
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© A Gradual Introduction to Differential Invariants
@ Global Descriptive Power of Local Differential Equations
@ Intuition for Differential Invariants
@ Deriving Differential Equations
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ODE Examples

Solutions more complicated than ODE

ODE Solution
x'=1,x(0) = xo x(t)=xo+t
x'=5,x(0) = xo x(t) = xo +5t
x" = x,x(0) = xo x(t) = xo€'
x'=x2,x(0) = xo x(1) = 7%
X’=%,XO)=1 X(t)=m.‘.
y'(x)=—2xy,y(0) = y(x)=e*

xX'(t) = tx,x(0) = xo x(t)= xoeg
x’:ﬁx(o)_xo x(t):—zj:t\/x_o+x0

X =y, y =—x x(O) 0,y(0) =1 | x(t) =sint,y(t) = cost
x'=1+4+x2,x(0) = x(t) =tant

X (t ):% (t) x(t) = e ? non-analytic
X = X2+ x 777

X(t)=e" non-elementary
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Global Descriptive Power of Local Differential Equations

Descriptive power of differential equations

@ Descriptive power: differential equations characterize continuous
evolution only locally by the respective directions.

@ Simple differential equations describe complicated physical processes.
© Complexity difference between local description and global behavior
© Analyzing ODEs via their solutions undoes their descriptive power.

© Let’s exploit descriptive power of ODEs for proofs!

S S (A
X =—X X(t):SIH(t):t—y-i-a—ﬁ-i-a—
X'(t) = e” no elementary closed-form solution
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Global Descriptive Power of Local Differential Equations

You also prefer loop induction to unfolding all loop iterations, globally . ..

Descriptive power of differential equations

@ Descriptive power: differential equations characterize continuous
evolution only locally by the respective directions.

@ Simple differential equations describe complicated physical processes.
© Complexity difference between local description and global behavior
© Analyzing ODEs via their solutions undoes their descriptive power.

© Let’s exploit descriptive power of ODEs for proofs!

A CH A
X =—X X(t):SIH(t):t—y-i-a—ﬁ-i-a—

2 .
X"(t) =€ no elementary closed-form solution
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Intuition for Differential Invariants

Differential Invariant *jj; ; { Q Q ‘\\iizi\k
-F,A FF?2F FLP RN
[ \\‘74///

e [x' =f(x)]P,A s : : NN
,,4‘“\\«,::???
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[] X' =f(x)]P < Vi=0[x:=y(t)]P (v =f(y), y(0)=x)
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Intuition for Differential Invariants

Differential Invariant
r'EF,A FE?7?7F FEP
e [x' =f(x)]P,A

André Platzer, Stefan Mitsch (CMU) LFCPS/10  7/19


https://doi.org/10.1007/978-3-319-63588-0_10
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Intuition for Differential Invariants

Differential Invariant
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Intuition for Differential Invariants

Differential Invariant

r'F,A FE?7?F FEP
e [x' =f(x)]P,A
Want: formula F remains true
in the direction of the dynamics

F
—F
“F

[] [X' = f(x)|P < VE=0[x:=y()]P (v =

Next step is undefined for ODEs. But don’t need to know where exactly the
system evolves to. Just that it remains somewhere in F.
Show: only evolves into directions in which formula F stays true.
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Guiding Example

ViwP=rP [V =w,w = —vV¥+wP=r?
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Guiding Example: Rotational Dynamics

ViwP=rP [V =w,w = —vV¥+wP=r?

rsin

rcos

w =
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e Differentials
@ Syntax
@ Semantics of Differential Symbols
@ Semantics of Differential Equations
@ Soundness
@ Example Proofs
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Syntax With Primes

ex=x|clet+k|e—k|e-k|e/k
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Syntax With Primes

ex=x|clet+k|e—k|e-k|e/k

(e+k) =(e) + (k)
(e—k) =(e) — (k)
(e-k) =(e)-k+e-(k)
(e/k) = ((e) -k—e-(k))/K?

(c()) =0 for constants/numbers ¢()
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Syntax With Primes

ex=x|clet+k|e—k|e-k|e/k

(e+k) = (e) + (k)
(e—k) = (e) — (k)
(e-k) =(e)-k+e-(k)
(e/k) = ((e)-k—e-(k)')/k* same singularities
(c()) =0 for constants/numbers ¢()
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Syntax With Primes

ex=x|clet+k|e—k|e-k|e/k

(e+k) = (e) + (k)
(e—k) = (e) — (k)
(e-k) =(e)-k+e-(k)
(e/k) = ((e)-k—e-(k)')/k* same singularities
(c()) =0 for constants/numbers ¢()

... What do these primes mean? ...
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Syntax With Primes

ex=x|clet+k|e—k|e-k|e/k|x|(e)
Z

'internalize primes into dL syntaxl

(k) = (e) + (k)
(e~ k) =€) — (k)
(e-k) = (&) -k+e- (k)

(e/k) = ((e) -k—e-(k))/k® same singularities
(c()) =0 for constants/numbers ¢()

...What do these primes mean? ...
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The Meaning of Primes
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The Meaning of Primes

ol(e)]-
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The Meaning of Primes

dofe]

ol(e)] -4
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The Meaning of Primes

dofe]

ol(e)] -4

what’s the time derivative?
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The Meaning of Primes

dofe]

ol(e)] -4

what’s the time derivative? what’s the time?
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The Meaning of Primes

ol(e)1- 5
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}

what’s the time derivative?

what'’s the time?
depends on the differential equation?
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The Meaning of Primes
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what’s the time derivative?

what’s the time?
depends on the differential equation? Not compositional!
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The Meaning of Primes

ol(e)]=
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what’s the time derivative?

what’s the time?
depends on the differential equation? Not compositional!

well-defined in isolated state w at all?
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The Meaning of Primes

ol(e)]=
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what’s the time derivative?

what’s the time?
depends on the differential equation? Not compositional!

well-defined in isolated state w at all? No time-derivative without time!
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The Meaning of Differentials Differential Forms

a[[e]] e
(Semantics RO B ITCORE =I(D) -
XV A A |
S A AR

’f¢+¥\\\_>R
LA I T T
A U U NN N

}
}
}
}

what’s the time derivative? what’s the time?
depends on the differential equation? Not compositional!

well-defined in isolated state w at all? No time-derivative without time!

meaning is a function of x and x’. Differential form!
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The Meaning of Differentials Differential Forms

a[[e]] e
(Semantics RO B ITCORE =I(D) -
xXeV A A
S A AR
’f¢+¥\\\_>R
LA I T T
A U U NN N
d[e . of[e] — ofe N
g[xll(w): i ©xlel — ole] s

¥

Kk—o(x) K— (D(X)

}
}
'
}
}

what’s the time derivative? what'’s the time?
depends on the differential equation? Not compositional!

well-defined in isolated state w at all? No time-derivative without time!

meaning is a function of x and x’. Differential form!
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program semantics) ([-]: HP — (7 x .¥))

[¥X =f(x)& Q] ={(o,v): ¢(2) E x' =f(x)AQforall 0<z<r
for a solution ¢ : [0, r] — . of any duration r € R
with ¢(0) = w and ¢(r) = v}
where ¢(z)(x') % 220 (z)

X

I
=S

Xl

(x)&Q
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program semantics) ([-]: HP — (. x %))

[¥X =f(x)& Q] ={(o,v): ¢(2) E x' =f(x)AQforall 0<z<r
for a solution ¢ : [0, r] — . of any duration r € R
with @(0) = o except on x" and ¢(r) = v}
where ¢(z)(x') % 220 (z)

X

0 r t
X' =f(x)&Q

Initial value of x” in @ is irrelevant since defined by ODE.

Final value of x is carried over to the final state v.
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program semantics) ([-]: HP — (. x %))
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program semantics) ([-]: HP — (. x %))

[¥ =f(x)& Q] ={(ow,v): ¢(2) = x' = f(x)AQforall 0<z<r
for a solution ¢ : [0, r] — . of any duration r € R
with ¢(0) = o except on x" and ¢(r) = v}
where ¢(z)(x') & 220X (7

I 0 : I r t
X' =f(x)&Q
Initial value of x” in @ is irrelevant since defined by ODE.
Final value of x is carried over to the final state v.
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

(Syniactie’= (z)[(ey] = 22N ) ~{Analyte!
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

Syntactic’ > ,)[(ey] = 22Ul ) < Analytic”

dt

Lemma (Differential assignment) (Effect on Differentials)
Ifol=x"=f(x)ANQthen @ |= P« [x" :=f(x)]P J
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

(Syniactie’= p(z)[(ey] = LN ;) ~Analyic’

Lemma (Differential assignment) (Effect on Differentials)
Ifol=x"=f(x)ANQthen @ |= P« [x" :=f(x)]P J

Lemma (Derivations) (Equations of Differentials) 1
(e+k) =(e) +(k)

(e-k) = (e)’ k+e- (k)
(c()) = for constants/numbers c()
(x) = for variables x € ¥
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

(Syniactie’= (z)[(ey] = 22N ) ~{Analyte!

d

Lemma (Differential assignment) (Effect on Differentials)
Ifol=x"=f(x)ANQthen @ |= P« [x" :=f(x)]P J

— DE [X' =f(x)& Q|P < [x' = f(x) & Q][x" :=f(x)]P
[ Axiomatics ]
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

(Syniactie’= (z)[(ey] = 22N ) ~{Analyte!

d

Lemma (Differential assignment) (Effect on Differentials)
Ifol=x"=f(x)ANQthen @ |= P« [x" :=f(x)]P J

DE [X' =f(x)& Q|P < [x' = f(x) & Q][x" :=f(x)]P

Axiomatics DI ([X/ _ f(x)]e — 0o e= 0) — [X’ = f(X)](e)’ =0

André Platzer, Stefan Mitsch (CMU) LFCPS/10 12/19


https://doi.org/10.1007/978-3-319-63588-0_10
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

(Syniactie’= p(z)[(ey] = LN ;) ~Analyic’

d

Lemma (Differential assignment) (Effect on Differentials)
Ifol=x"=f(x)ANQthen @ |= P« [x" :=f(x)]P J

DE [X' =f(x)& Q|P < [x' = f(x) & Q][x" :=f(x)]P

Axiomatics DI ([X/ _ f(x)]e — 0o e—= 0) — [X, — f(X)](e)’ =0

lrate of change of e along ODE is 0'
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Differential Invariants for Differential Equations

Differential Invariant
. F X :=f(x)](e) =0
e=0F[x'=f(x)le=0
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Differential Invariants for Differential Equations

Differential Invariant
. F X :=f(x)](e) =0
e=0F[x'=f(x)le=0

DI ([x' =f(x)]Je=0+e=0) « [x' =f(x)](e) =0

DE [x' = f(x)]P ¢ [¥' = f(x)][x":= f(x)]P
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Differential Invariants for Differential Equations

Differential Invariant
. F X :=f(x)](e) =0
e=0F[x'=f(x)le=0

DI ([x' =f(x)]Je=0+e=0) « [x' =f(x)](e) =0

DE [x' = f(x)]P ¢ [¥' = f(x)][x":= f(x)]P

Proof (dl is a derived rule).

Ye=0F [x =f(x)]e=0
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Differential Invariants for Differential Equations

Differential Invariant
. F X :=f(x)](e) =0
e=0F[x'=f(x)le=0

DI ([x' =f(x)]Je=0+e=0) « [x' =f(x)](e) =0

DE [x' = f(x)]P ¢ [¥' = f(x)][x":= f(x)]P

Proof (dl is a derived rule).

T F W= fWl(e) =0
Yle=0F [x =f(x)]e=0
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Guiding Example: Rotational Dynamics

ViwP=rP [V =w,w = —vV¥+wP=r?

rsin

rcos

w =
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Guiding Example: Rotational Dynamics

ViwP=rP [V =w,w = —vV¥+wP=r?

Fv24w2—r2=0 — [V = w,w' = —v]v2+w2—r?=0
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Guiding Example: Rotational Dynamics

ViwP=rP [V =w,w = —vV¥+wP=r?

(=] F [V :=w][w:=—v]2vV +2ww' — 21" =0
TV —rP=0F [V =w,w = —v]V2+ w2 —r2 =0
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Guiding Example: Rotational Dynamics
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Guiding Example: Rotational Dynamics

Viwr=r [V =ww = —vV¥+wl=r?
*
R Fav(w)+2w(—v)=0
(=] F [V :=w][w:=—v]2vV +2ww' — 21" =0
TV —rP=0F [V =w,w = —v]V2+ w2 —r2 =0
o Fv24w?—r2=0 — [V = w,w' = —v]v2+w?—r?=0

Simple proof without solving ODE, just by differentiating
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Example Proof
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Example Proof
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° Soundness Proof
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

(Syniactie’= (z)[(ey] = 22N ) ~{Analyte!

André Platzer, Stefan Mitsch (CMU) LFCPS/10 16/19


https://doi.org/10.1007/978-3-319-63588-0_10
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Soundness Proof

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If @ = x' = f(x) A Q for duration r>0, then for all 0<z<r, FV(e) C {x}:

o(2)i(e)]= 20 )

ol(e)]= ¥, o()- 1)

XeV

Definition (Hybrid program semantics) (['] : HP — (¥ x £))
¥ = f(x) & Q] = {(¢(0)| /e, @(r)) : 9(2) = X' = f(x) A Qforall 0<z<r
fora ¢ : [0,r] — . where @(z)(X) o %(Z)}
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© summary
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Differential Invariants for Differential Equations

Differential Invariant
. F X :=f(x)](e) =0
e=0F[x'=f(x)le=0

DI ([x' =f(x)]Je=0+e=0) « [x' =f(x)](e) =0

DE [x' = f(x)]P ¢ [¥' = f(x)][x":= f(x)]P
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Differential Substitution Lemmas

Lemma (Differential lemma) (Differential value vs. Time-derivative)
If o = x" = f(x) A Q for duration r>0, then for all 0<z<r, F\(e) C {x}:

Syntactic’ > ,)[(ey] = 22Ul ) < Analytic”

dt

Lemma (Differential assignment) (Effect on Differentials)
Ifol=x"=f(x)ANQthen @ |= P« [x" :=f(x)]P J
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@ Appendix
@ Differential Equations vs. Loops
@ Differential Invariant Terms and Invariant Functions
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Differential Equations vs. Loops

Lemma (Differential equations are their own loop)

[(x' = £(x))"] =[x = f(x)]

loop o* ODE x’ = f(x)

repeat any number n € N of times evolve for any duration r € R

can repeat 0 times can evolve for duration 0

effect depends on previous loop iteratior effect depends on the past solution
local generator is loop body & local generator x’ = f(x)

full global execution trace global solution ¢ : [0,r] — .
unwinding proof by iteration [x] proof by global solution with []
inductive proof with loop invariant proof with differential invariant
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Generalizing Differential Invariants: Stronger

—R

FxX2+y2=0—[x =4y%y =48 x*+y?=0
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Generalizing Differential Invariants: Stronger

UMRy2 2 — 0 [x' = 4y3,y = —4x3|x2+y2 =0
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Generalizing Differential Invariants: Stronger

*
" - 4x3(4y®) +4y°(—4x%) =0
(=] F X' :=4y%)[y :=—4x%]|(4x3X" +4y3y') =0
T xt gyt =0k X =4y3y = —4x3x* +y* =0
UMy L2 — o [x' =4y8,y = —4x®] X2+ y2 =0
R Fx2+y2=0—[x =4y%y =48 x> +y?=0

Theorem (Sophus Lie)
QF [X:=f(x)](e) =0
FVe(e=c— [x =f(x)&Qle=rc)

premise and conclusion are equivalent if Q is a domain, i.e., characterizing a
connected open set.

Dl
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Generalizing Differential Invariants: Stronger

x
- 4x(4y°) +4y°(—4x°) =0
- =40y =—4x) (4K +4y°y) =0
Xyt =0k X =42y = -4 xt+y =0
CUtMR 2 +y2=0F[xX=4y%y = -4x%x®+y2=0

—R

dl

Fx2+y?2=0—[xX =4y y = -4x3|x®+y?=0
Theorem (Sophus Lie)

QF [X:=f(x)](e) =0
FVe(e=c— [x =f(x)&Qle=rc)

premise and conclusion are equivalent if Q is a domain, i.e., characterizing a
connected open set.

Dl

Clou: (e—c)’ = (e)’ independent of additive constants
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Strengthening Induction Hypotheses

Stronger Induction Hypotheses

@ As usual in math and in proofs with loops:
@ Inductive proofs may need stronger induction hypotheses to succeed.

© Differentially inductive proofs may need a stronger differential inductive
structure to succeed.

Q Evenif {(x,y) €R? : x>+ y2=0}={{(x,y) €R? : x*+y* =0}
have the same solutions, they have different differential structure.
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