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@ Differential Ghosts of Time
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Learning Objectives

extra dimensions for extra invariants
invent dark energy

none: ghosts are for proofs! extra ghost state
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Learning Objectives

extra dimensions for extra invariants
invent dark energy

mark ghosts in models extra ghost state
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e Recap: Proofs for Differential Equations
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Differential Invariants for Differential Equations

Differential Weakening

QrF
P [x' =f(x)&Q|F

Qt [x = f(x)](F)
Ft[x' =f(x)&Q|F

FEI[X =1f(x)&Q|C FF [x =f(x)&QAC]F
FE [x =f(x)&Q]F
DW [x" = f(x)& Q]F + [x' = f(x) & Q](Q — F)
DI [x' =f(x)&Q]F - (Q— FA[X = f(x)&Q](F)')
DC ([x' = f(x) & QIF > [x' = f(x) & QA CIF) «+ [x' = f(x)&Q]C
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Differential Invariants for Differential Equations

Differential Weakening

QrF
P [x' =f(x)&Q|F

Qt [x = f(x)](F)
Ft[x' =f(x)&Q|F

FEI[X =1f(x)&Q|C FF [x =f(x)&QAC]F
FE [x =f(x)&Q]F
DW [x' = f(x)& Q]F <> [x' = f(x) & Q](Q — F)
DI [x' =f(x)&Q]F - (Q— FA[X = f(x)&Q](F)')
DC ([x' = f(x) & QIF > [x' = f(x) & QA CIF) «+ [x' = f(x)&Q]C
DE [X' = f(x) & Q]F « [x' = f(x) & Q][x":=f(x)]F

(x
(x
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© A Gradual Introduction to Ghost Variables
@ Discrete Ghosts
@ Differential Ghosts of Time
@ Constructing Differential Ghosts
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Discrete Ghosts

~THly:=elpA
iG W (y neW)

—R

Fxy—1=0—=[X=x,y =—ylxy =1
Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

~THly:=elpA
iG W (y neW)

@ xy—1=0F[x'=x,y =—ylxy =1

Fxy—1=0—=[xX=xy =—ylxy =1
Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

~THly:=elpA
iG W (y neW)

'discrete ghost ¢ remembers function of old state'

[:.:]: xy—1=0F [c:=xy][x = x,y' = —ylxy =1

G xy—1=0F[x'=x,y/ = —ylxy =1

of Fxy—1=0—=[xX=x,y =—ylxy =1
Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

ME[y:=elp,A

iG ey (y new) p <« [y:=elpby [:=]

(] ry=ebtp(y)A
C T TH[x:=€lp(x), A

Mxy—1=0,c=xyk X =x,y =—ylxy =1
[=1- xy—1=0F[c:=xy][xX =x,y = —y]xy =1

. xy—1=0F[x'=x,y =—ylxy =1
Fxy—1=0—=[X=xy =—ylxy =1
Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

ME[y:=elp,A

iG ey (y new) p < [y:=elpby [:=]

(=] ry=ekpy).A new)
T T =elp(x), a7

D xy—1=0,c=xyF[x¥ =x,y' =—ylc=xy >
Mxy—1=0,c=xyk X =x,y =—ylxy =1
(=1 xy—1=0F[c:=xy][xX =x,y = —y]xy =1

@ xy—1=0F[x'=x,y =—ylxy =1
Fxy—1=0—=[X=xy =—ylxy =1
Ask a ghost to remember some auxiliary state for the proof.

—R
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Discrete Ghosts

MEly:=elp,A - _
TTrpA (y new) p < ly:=elpby [:=]
(=] My=etply),A
T TR [x=elp(x), A

iG

y new)

=] F X =x][y :=—ylo=xy +xy

D xy—1=0,c=xyF[x¥ =x,y =—ylc=xy >
Mxy—1=0,c=xyk X =x,y =—y]xy =1

(=1 xy—1=0F[c:=xy][xX =x,y' = —y]xy =1

. xy—1=0F[x'=x,y' = —ylxy =1

o Fxy—1=0—=[x=x,y =—ylxy =1

Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

M- [y:=elp,A
Ul i (v new) p < ly:=elpby [:=]

S Y
(=] Fy=etply)A new)
T T =elp(x), a7
R FO=xy+x(—y)
- F X = =—y]0 =Xy +xy/
Y xy—1=0,c=xyF[x¥ =x,y = —ylc=xy >
VR xy —1 =0,c=xyt[x=x,y =—ylxy =1
(=1 xy—1=0F[c:=xy][xX =x,y' = —y]xy =1
“ xy—1=0F[xX'=x,y =—ylxy =1
o Fxy—1=0—=[xX=x,y =—ylxy =1

Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

M- [y:=elp,A
Ul i (v new) p < ly:=elpby [:=]

e RN
. Ty=ebply),A
= F ez ap.a e

*

R FO=xy+x(—y)
- F X=Xl :=—y]0 =Xy +xy’
Y xy—1=0,c=xyF[x¥ =x,y = —ylc=xy >
VR Xy —1 =0,c=xyt[x=x,y =—ylxy =1
(=1 xy—1=0F[c:=xy][xX =x,y' = —y]xy =1
G xy—1=0F[x'=x,y =—ylxy =1
A Fxy—1=0—=[xX=x,y =—ylxy =1

Ask a ghost to remember some auxiliary state for the proof.
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Solve by Differential Cuts and Differential Invariants

dcC
iG

v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0
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Solve by Differential Cuts and Differential Invariants

[::]‘dwv=0,a2 0,t=0F [vo:=V][xX =—wy,y =w,vV =at =1&v=vy+atlv>0
c‘jo v=0,a>0,t=0F [vp:=V][X =—vy,y =wx,v =a,t =1]v>0
G v=o0,a>0,t=0F X' =-vw,y=vwx,vV =at=1v>0
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Solve by Differential Cuts and Differential Invariants

w=0,a>0Ft>0Av=yw+at—v>0

[::]‘dwv=0,a2 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
© v=0,a>0,t=0F[w=V]X=—w.y =w,vV =at=1v>0
iG

v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0

[::]‘dwv=0,a2 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
© v=0,a>0,t=0F[w=V]X=—w.y =w,vV =at=1v>0
iG

v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0
Why does the proof with ghost solutions need t' = 1 in the model?
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0

[::]‘dwv=0,a2 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
© v=0,a>0,t=0F[w=V]X=—w.y =w,vV =at=1v>0
iG

v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0
Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—-v>0
v=0,a>0,t=0F [vp:=V][X =—w,y =w,v =at =1&v=yw+atlv>0
v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0

[:=],dW
dcC
iG

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
e [x' =f(x)&Q]P,A
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0

[::]'d""v:o,az 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
éo v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
G v=o0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

What could possibly go wrong?
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0

[::]'d""v:o,az 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
éo v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
G v=o0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

What could possibly go wrong?
x Cannotadd t =1tox' =v,t/ =2
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0
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G v=o0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

What could possibly go wrong?
x Cannotadd t =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,vV =t
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0

[::]'d""v:o,az 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
éo v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
G v=o0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

What could possibly go wrong?
x Cannotadd t =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,vV =t
vV Canaddt =1tox'=v,v =—g
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—-v>0
v=0,a>0,t=0F [vp:=V][X =—w,y =w,v =at =1&v=yw+atlv>0
v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0

[:=],dW
dcC
iG

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

What could possibly go wrong?
x Cannotadd t =1tox' =v,t/ =2
x Cannotadd ' =1tox' =v,vV =t
x Canaddt =1to x' = v,v/ = —g unless e.g. postcondition P reads t
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Differential Ghosts of Time

vw=0,a>0Ft>0Av=yw+at—v>0

[::]’dWV:O,aZ 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
éC v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
S v=0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

(t fresh)

What could possibly go wrong?

x Cannotadd t =1tox' =v,t/ =2

x Cannotadd ' =1tox' =v,vV =t

x Canaddt' =1to x' = v,v/ = —g unless e.g. postcondition P reads t
But this proof rule is too specific (for { only)
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0
[::]'d""v:o,az 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
© v=0,a>0,t=0F[w=V]X=—w.y =w,vV =at=1v>0
G v=o0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

(t fresh)

X = 1(x)&QIP & Fy[¥' = f(x),y' = g(x,y) & QIP
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Differential Ghosts of Time

w=0,a>0Ft>0Av=yw+at—v>0

[::]'d""v:o,az 0,t=0F [vo:=V][xX =—w,y =wx,vV =at =1&v=vy+atlv>0
éC v=0,a>0,t=0F [vp:=V][X = -,y =wx,v =a,t =1]v>0
G v=o0,a>0,t=0F X =-w,y=w,vV=at =1v>0

Why does the proof with ghost solutions need t' = 1 in the model?
Could we just add in ' = 1 if we need it?
Me X =f(x),t =1&Q|P,A
Me[x'=f(x)&Q|P, A

(t fresh)

Get differential ghosts of time by axiom DG, even with initial t = 0:

Mt=0kF[X =f(x),t =1&Q|P,A
" M- 3t[x =f(x),f =1&Q]P,A
ne M- X =f(x)&QlP,A

X = 1(x)&QIP & Fy[¥' = f(x),y' = g(x,y) & QIP
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Differential Ghosts for Exponentials

Example (Exponential decay)

TXx>0F[x¥ =—x]x>0

Xo

X —
= —x
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Differential Ghosts for Exponentials

Example (Exponential decay)

(= F[x:==x]x">0
TXx>0F[x¥ =—x]x>0

Xo

X —
= —x
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Differential Ghosts for Exponentials

Example (Exponential decay)

R F-x>0

(= F[x:=—x]x">0
TXx>0F[x¥ =—x]x>0

Xo

X —
= —x
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Differential Ghosts for Exponentials

Example (Cannot prove like this)

not valid
F—x>0

[:=] FxX:=—x]x">0
TXx>0F[x¥ =—x]x>0

R

Xo

X —
= —x
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Differential Ghosts for Exponentials

Example (Cannot prove like this)

not valid
F—x>0

[:=] FxX:=—x]x">0
TXx>0F[x¥ =—x]x>0

R

Matters get worse over time in this dynamics

X
Xo
X —
= X
0 t
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

e x>0k [x'=—=x]x>0
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

3R.cut x>0F3y[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

VA xy?P=1F[X=—x,y'=%]x>0

x>0F3y[x' =—x,y=%]x>0
e x>0+ [x'=—x]x 40

e

(differential ghost: dream me up)

JR,cut
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

Bxy2=1F x>0 CxyP=1F X = —x,y = E]xy2 =1
ViR xy?P=1F[X=—x,y'=%]x>0
3R.cut x>0F3Jy[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

*

Bxy2=1F x>0 CxyP=1F X = —x,y = E]xy2 =1
ViR xy?P=1F[X=—x,y'=%]x>0
3R.cut x>0F3Jy[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

* (=] F X :=—x]ly":=%]x'y?+x2yy'=0
Bxy2=1F x>0 PxyP=1F X = —x,y = E]xy? =1
ViR xy?P=1F[X=—x,y'=%]x>0
3R.cut x>0F3Jy[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

K F—xy?+2xy$ =0
* (=] F X :=—x]ly":=%]x'y?+x2yy'=0
Bxy2=1F x>0 CxyP=1F X = —x,y = ]xy? =1
ViR xy?P=1F[X=—x,y'=%]x>0
3R.cut x>0F3Jy[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€9 Spooky proof)

*

K F—xy?+2xy$ =0
* (=] F X :=—x]ly":=%]x'y?+x2yy'=0
Bxy2=1F x>0 CxyP=1F X = —x,y = E]xy? =1
ViR xy?P=1F[X=—x,y'=%]x>0
3R.cut x>0F3Jy[x' =—x,y=%]x>0
e x>0k [x'=—=x]x>0
X
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Differential Ghosts: Proofs in Extra Dimensions

Example (€@» Spooky proof with counterweight ghost)
*

B F—xy?+2xy5 =0
* (=] F [ :=—x]ly:=%]x'y?+x2yy'=0
Bxy?=1+ x>0 PxyP=1F X = —x,y = L]xyP =1
VA xy?P=1F[X'=—x,y'=%]x>0
Sl x>0F3y[x' =—x,y/=4]x>0
DG

x>0k [x'==x]x>0
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Differential Ghosts: Proofs in Extra Dimensions

Example (€@» Spooky proof with counterweight ghost)
*

B F—xy?+2xy5 =0
* (=] F [ :=—x]ly:=%]x'y?+x2yy'=0
Bxy2=1+ x>0 U XxP=1F X =—x,y = Llxy? =1
Vi xy?P=1F[X'=—x,y'=%]x>0
Sl x>0F3Jy[x'=—xy =%]x>0
DG

x>0k [x'==x]x>0
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Differential Ghosts: Proofs in Extra Dimensions

Example (€@» Spooky proof with counterweight ghost)
*

B F—xy?+2xy5 =0
* (=] F [ :=—x]ly:=%]x'y?+x2yy'=0
Bxy2=1F x>0 PxyP=1F X = —x,y = L]xyP =1
VA xy?P=1F[X'=—x,y'=%]x>0
S x>0F3Jy[x'=—xy =%]x>0
DG

x>0k [x'==x]x>0

Creative proofs with differential ghosts prove what
we otherwise couldn’t!
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Differential Ghosts: Proofs in Extra Dimensions

Example (€@» Spooky proof with counterweight ghost)
*

R F—xy?+2xy5 =0

* (=] F [ :=—x]ly:=%]x'y?+x2yy'=0
Bxy2=1F x>0 PxyP=1F X = —x,y = L]xyP =1

VA xy?P=1F[X'=—x,y'=%]x>0
JR,cut x>0I—EIy[x’:—X,y’=§]x>0
ne x>0k [x'==x]x>0
ﬁ/q,
4// Creative proofs with differential ghosts prove what
X x?—1 We otherwise couldn’t!

Wait, are differential ghosts actually sound?

André Platzer, Stefan Mitsch (CMU) LFCPS/12 9/15


http://web.keymaeraX.org/show/lics/exp.kya
https://doi.org/10.1007/978-3-319-63588-0_12
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

@ Ditferential Ghosts
@ Substitute Ghosts
@ Limit Velocity of an Aerodynamic Ball
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Nonexistent Differential Ghosts

What could possibly go wrong?

x=0,y=0F[x' =1,y =y?+1]x <6
x=0F3Jy¥ =1,y =y2+1]x<6
‘ x=0F[x=1]x<6

JR
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Nonexistent Differential Ghosts

What could possibly go wrong?

x=0,y=0F[x' =1,y =y2+1]x <6 I I
T x=0FJy¥ =1y =y +1]x<6 4 |/ ¥
P x=0F[X=1]x<6 et i !
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Nonexistent Differential Ghosts

What could possibly go wrong? Explosive ghosts stop the world!

x=0,y=0F [x'=1,y' =y +1]x<6 I I
T x=0FJy¥ =1y =y +1]x<6 4 |/ ¥
P x=0F[X=1]x<6 et i !
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Constructing Differential Ghosts

Differential Ghost

X =f(x)&Q]P «+ Jy[x' =f(x),y = g(x,y) & Q|P
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Constructing Differential Ghosts

Differential Ghost

X =f(x)&Q]P «+ Jy[x' =f(x),y = g(x,y) & Q|P
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Constructing Differential Ghosts

Differential Ghost

X =f(x)&Q]P «+ Jy[x' =f(x),y = g(x,y) & Q|P

if new y’ = g(x,y) has a global solution y : [0,) — R"
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Differential Ghosts

Differential Ghost

X' =f(x)&Q]P + Jy[x' =f(x),y' = a(x)y + b(x) & Q]P

since new y’ = a(x)y + b(x) has a long enough solution
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Differential Ghosts

Differential Ghost

X' =f(x)&Q]P + Jy[x' =f(x),y' = a(x)y + b(x) & Q]P

Differential Ghost 0

M3y [x =f(x),y =a(x)y+b(x)&Q|P,A
e [x'=f(x)&Q|P,A

dG

since new y’ = a(x)y + b(x) has a long enough solution
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Differential Ghosts

Differential Ghost

X' =f(x)&Q]P + Jy[x' =f(x),y' = a(x)y + b(x) & Q]P

Differential Ghost 0

M3y [x =f(x),y =a(x)y+b(x)&Q|P,A
e [x'=f(x)&Q|P,A

dG

since new y’ = a(x)y + b(x) has a long enough solution
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Differential Ghosts

Differential Ghost

X' =f(x)&Q]P + Jy[x' =f(x),y' = a(x)y + b(x) & Q]P

Differential Ghost 0

M3y [x' =1f(x),y =a(x)y+b(x) & Q]P,A
M [X =f(x)&Q|P,A
FF3yG G [X =1(x),y = a(x)y +b(x)& Q|G
F+[x =f(x)&Q|F
since new y’ = a(x)y + b(x) has a long enough solution

dG
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Differential Ghosts

Differential Ghost

X' =f(x)&Q]P + Jy[x' =f(x),y' = a(x)y + b(x) & Q]P

2
M3y [x' =1f(x),y =a(x)y+b(x) & Q]P,A
M [X =f(x)&Q|P,A
FF3yG G [X =1(x),y = a(x)y +b(x)& Q|G
F+[x =f(x)&Q|F

JyGHF  FF3yG GF X =1(x),y = a(x)y +b(x)|G

dG

~GFF ™ FF3y[X =1(x),y' = a(x)y + b(x)]G
VA FF 3y[x = f(x),y = a(x)y + b(x)|F
ve FE[X =f(x)]F
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Substitute Ghosts

dA

x>0F X' =—x]x>0
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Substitute Ghosts

B x>0 3yxy2=1 " xy2=1F ¥ =—x,y = Coly? =1

o x>0F X' =—x]x>0
X
Xo
/
K=,
0+ t
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Substitute Ghosts

*

B x>0 3yxy2=1 Y xy2=1F [x = —x,y/ = Coly? =1

o x>0F X' =—x]x>0
X
Xo
/
K=,
0+ t
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Substitute Ghosts

+ L R =l = ey =0
B x>0 3yxy2=1 “ xy2=1F[xX =—x,y' = Coly? =1

o x>0F X' =—x]x>0
X
Xo
/
K=,
0+ t
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Substitute Ghosts

F—xy?+2xy =0
* [:=] = X i=—x]ly = DX y2+x2yy'=0
B x>0 3yxy2=1 Y xy2=1F[xX =—x,y' = Coly? =1

o x>0F X' =—x]x>0

Xo
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Substitute Ghosts

could prove if (::) =4
F—xy?+2xy =0

+ L =l =y ey =0
B x>0 3yxy2=1 Y xy2=1F[xX =—x,y' = Coly? =1
o x>0F X' =—x]x>0

X

Xo
/
X<,

0 - t
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Substitute Ghosts

could prove if (::) =4
F—xy?+2xy{ 3=0

+ L =l =y ey =0
B x>0 3yxy2=1 Y xy2=1F[xX =—x,y' = Coly? =1
o x>0F X' =—x]x>0

X

Xo
/
X<,

0 - t
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Substitute Ghosts

could prove if ¥ = % proved!

F—xy?+2xys =0

« =] FIxX=—xlly'=%  IxX'y*+x2yy'=0

B x>0 yxy2=1 “ xy2=1F ¥ = —x,y/

5 =t
dA

x>0k [x'=—=x]x>0

Xo
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Substitute Ghosts

could prove if 3 =

O | dIx

F—xy?+2xys =

« =] FIxX=—xlly'=%  IxX'y*+x2yy'=0

B x>0 yxy2=1 “ xy2=1F ¥ = —x,y’

=3 ly?=1
o x>0k [x'=—=x]x>0
X
X0
/
NX

. t

This is a recipe for brewing suitable differential ghosts!
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Substitute Ghosts

could prove if j(y) = & proved!

F—xy?+2xyj(y) =0

. T Rl =) IWyPxeyy'=0

Bex>043yx2=1 Y x2=1+ ¥ =—x,y =j(y) [xy2 =1

o x>0k [x'=—=x]x>0

X

Xo
X —
= —x
t

Function symbol j(y) can play the role of a substitute ghost
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Substitute Ghosts

could prove if 3 =

O | dIx

F—xy?+2xys =

« =] FIxX=—xlly'=%  IxX'y*+x2yy'=0

B x>0 yxy2=1 “ xy2=1F ¥ = —x,y’

=3 =1
o x>0k [x'=—=x]x>0

X

Xo
/

NX

; t
Function symbol j(y) can be substituted uniformly
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Substitute Ghosts

could prove if j(y) =

y
2
F—xy?+2xyj(y) =0

. T Rl =) IWyPxeyy'=0

Bex>043yx2=1 Y x2=1+ ¥ =—x,y =j(y) |xy2 =1

o x>0k [x'=—=x]x>0
X
Xo
/
NX

; t
Function symbol j(y) needs to be instantiated linearly in y
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0 — [¥'=v,V'=—g+n?&x>0Av<0]

s 8
//
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0 — [¥'=v,V'=—g+n?&x>0Av<0]

Equilibrium

-10 \\\ vV =0iff —g4+n?=0
-20

s 8
/< X
=)
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0 — [¥'=v,V'=—g+n?&x>0Av<0]

Equilibrium

1 \\\ v =0iff —g+n? =0iffv==+,/2
-20

s 8
/< X
=)
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Limit Velocity of an Aerodynamic Ball

Proposition (Aerodynamic velocity limits)

g>0Ar>0A V> — \/§—> [X'=v,V'=—g+n?&x>0Av<0]v> — \/g

Equilibrium

1 \\\ v =0iff —g+n? =0iffv==+,/2
-20

s 8
/< X
=)
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Limit Velocity of an Aerodynamic Ball

Bvs— ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)

g>0Ar>0A V> — \/§—> [X'=v,V'=—g+n?&x>0Av<0]v> — \/g

20%
X
10\
v ‘ Equilibrium
“10 \\ v’:0iff—g+rv2:0iffv:iﬁ
-20
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Limit Velocity of an Aerodynamic Ball

! pwevia X =v V=—g it y'=j(x, v.y) Iy (v+y/9/)=1 >
B> ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)

g>0Ar>0A V> — \/§—> [X'=v,V'=—g+n?&x>0Av<0]v> — \/g

20%
X
10\
v ‘ Equilibrium
10 \\ v’:0iff—g+rv2:0iffv:iﬁ
-20
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Limit Velocity of an Aerodynamic Ball

. F =V =gty =iovy) 12y (v /e +yRY=0
U e B XY=, V=—g+rv? y'=j(x, v, y) Iy?(v+y/9/r)=1 >

Byvs— ok [X =v,v = —g+n2lv>—\/9

Proposition (Aerodynamic velocity limits)
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QF [x':=f(x)](P)
P [x' =f(x)&Q]P

PF X' =1(x)&Q|C PF [x' =f(x)& QAC]|P
P+ [x' =f(x)&Q|P

Differential Ghost
P+ 3dyG Gk [x =1(x),y =9(x,y)& Q|G
PE [x' =f(x)&Q]P

if new y’ = g(x, y) has long enough solution
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