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Learning Objectives

Game Proofs & Separations

rigorous reasoning for adversarial dynamics
miracle of soundness
separations
axiomatization of dGL
multi-dynamical systems
differential game invariants

differential games CPS semantics
systems vs. games multi-scale feedback
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Differential Game Logic: Syntax

Definition (Hybrid game «)

a,f = x=e|?2Q| X =f(x)&Q|aUB | a;B | a*|a’

Definition (dGL Formula P)

P,.Q == e>&é|-P|PAQ|VxP|3IxP| ()P |[c]P
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef Equation

Definition (Hybrid game «)
a,B = x=e|?2Q| X =f(x)&Q|aUB | a;B | a*|a’

Definition (dGL Formula P)

P,.Q == e>&é|-P|PAQ|VxP|3IxP| ()P |[c]P

[

All Some
Reals Reals
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef Equation

Definition (Hybrid game «)
a,B = x=e|?2Q| X =f(x)&Q|aUB | a;B | a*|a’

Definition (dGL Formula P)
P.Q ::=e>&|-P|PAQ|VxP|3xP| ()P | [c]P

[ 1
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Differential Game Logic: Syntax

Discrete § Test j Differential
Gamef Equation

Definition (Hybrid game «)
a,B = x=e|?2Q| X =f(x)&Q|aUB | a;B | a*|a’

Definition (dGL Formula P)
P,Q :=e>&é|-P|PAQ|VXP|3IxP| ()P | [c]P
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game «) []:HG — ((F) = £(2))
coee(X) = {we 7 0l e x}
Sv=i(x)(X) = {(0) € #: 9(r) € X for some ¢:[0,r] =7, ¢ = X' = f(x)}
ca(X) = [QINX
Saup(X) = Ga(X)Ugp(X)
Sa:p(X) = Gal5p(X))
Gor(X) = M{ZC Y : XUge(Z) C Z}
Sas(X) = (6a(XD))°
Definition (dGL Formula P)
[e1 > e] = {oweY : w]el] > w]e]}
[-P1 = ([P
[PAQ] = [PIN[C]
[{)P] = ca([P])
[le]P] = 6a([P])
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© Hybrid Game Proofs
@ Soundness
Separations
Soundness
Repetitive Diamonds — Convergence Versus lteration

°
o
°
@ Example Proofs
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Differential Game Logic: Axiomatization

[] [a]P 4> =(a)=P
(=) (x:=¢e)p(x) < p(e)
() (X' =
(7) PQ)P < (QAP)
(L) (e

() ¢

()«
() «

o; B)P < (a)(B)P

a®)P <> —(a)-P

f(x))P <« 3t>0(x:=y(t))P
B)P < (o) PV (B)P

o )P+ PV {a){o*)P

P—Q
M P S @
PV{a)Q— Q
(a*)P = Q
P P—>Q
Q
p—Q
p—=>VxQ

¢
US —5

Po-)

MP

(x £ FV(p))

André Platzer, Stefan Mitsch (CMU)
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Soundness

Theorem (Soundness) ]

dGL proof calculus is sound, i.e., all provable formulas are valid
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Soundness

Theorem (Soundness) ]

dGL proof calculus is sound, i.e., all provable formulas are valid

Do we have to prove anything at all?
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More Axioms ?7??

P—Q P

K [a](P— Q)— ([¢]P — [a]Q) MHM W
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Separating Axioms

K [o](P— Q) — ([a]P — []Q) M[.]ﬁ g#
M (a)(PV Q) = (a)PV (@)Q M (@) PV (@) Q- (@)(PV Q)
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Separating Axioms

K [a)(P— Q) ([a]P — [2]Q) M[.]ﬁ g#
M (@)(Pva) = (@)PVi@a M (@)PV{a)@-{a)(PVaQ)

) P — [a]P
I [o*]P < PA[a*](P — [o] P) ind P la]P

[4] [a]P < PA[a]la]P [ [o]P & PA[o][a]P
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Separating Axioms

K [o](P— Q) — ([a]P — []Q) M[.]ﬁ g#
M (@)(Pva) = (@)PVi@a M (@)PV{a)@-{a)(PVaQ)
) P — [a]P
X [o¥]P < PA[o*](P — [a]P) ind PP
4] [@]P <> PA[ad][a]P M [a1P & PA[a][a]P
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Separating Axioms

X [al(P— Q) = ([a]P — [o]Q) M[.]ﬁ ﬁ#
M (a)(Pv Q) = (@)PV (0)Q M (a)PV{(a)Q - (a)(PV Q)
_ P — [a]P
A [a*]P <+ PA[a*](P — [o]P) ind P ja]p
4] [o*]P ¢ PA[a][@’]P W [011P & PA ][] P

B (a)IxP— Ix(a)P (xfa) B Ix ()P — (a)3Ix P
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Separating Axioms

K [a](P— Q) — ([a]P — [¢]Q) M[.]ﬁ G’#
M (a)(Pv Q) = (@)PV (0)Q M (a)PV{(a)Q - (a)(PV Q)
F 1P o PA[](P—[op)  ind £ L9P
P — [a*]P
4] [o*]P ¢ PA[a][@’]P W [011P & PA ][] P
B (0)3xP — Ix(a)P (x¢a) B Ix (o) P — (a)3Ix P
PiAP, = Q PiAP,—Q
[]Ps A [a]Ps > [@]Q MU 1l AP S (el
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Separating Axioms

Separation: hybrid systems vs. hybrid games J

Hybrid games add duality: [a%]P < (a)P

One game’s boxes are an-
other game’s diamonds

All hybrid game axioms must also be valid
when diamonds and boxes are swapped!

All hybrid game axioms are also hybrid sys-
tem axioms, but not the other way around

André Platzer, Stefan Mitsch (CMU) LFCPS/17 8/17


https://doi.org/10.1007/978-3-319-63588-0_17
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Soundness

Theorem (Soundness)
dGL proof calculus is sound, i.e., all provable formulas are valid

Axiomatics

Syntax Semantics
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Soundness

Theorem (Soundness) J

dGL proof calculus is sound, i.e., all provable formulas are valid

Poof

() (aUB)P < (a)PV(B)P

() (0 B)P < (a){B)P
[] [@]P & —(o)-P

P—Q
(@)P— (@)Q
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Soundness

Theorem (Soundness)
dGL proof calculus is sound, i.e., all provable formulas are valid J
Poof
(U) KauB)P] = gaup(IPl) = sa(IPD) Uss([PT) = [() PTUL(B)PT =
[(e)PV (B)P] (W) {(@aUB)P < ()PV (B)P
() [0 B)PT = Gap(IPT) = Ga (s (IP1)) = Gu([(B)PI) = [{ex){B)P]
() (a;B)P < )(B)P
[-] is sound by determinacy [] [¢]P < —{a)—-P
M Assume the premise P — Qs valid, i.e., [P] C [Q].
Then the conclusion () P — (o) Q is valid, i.e.,
[{@) Pl = ca([P]) < 6a([Q1) = [{e) Q] by monotonicity.
P—Q
@P— g
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The Miracle of Soundness

Soundness links semantics and axiomatics!

Compositional Soundness
@ Soundness: If P provable then P valid F Pimplies E P
@ Every formula that it proves with any proof has to be valid
Sufficient:
@ All axioms are sound: valid formulas.
@ All proof rules are sound: take valid premises to valid conclusions.
Then
@ Proof is a long combination of many simple arguments.
@ Each individual step is a sound axiom or sound proof rule, so sound.
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Proving Repetitive Diamonds by Convergence

Duality turns angel winning questions into induction proofs
x=0F[x:=0Nx:=1]x=0
"x=0F[(x:=0Nx:=1)"]x=0
“x=0F (x:=0Ux:=1))x=0

x>0k ((x:i=x—1)")x <1
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Proving Repetitive Diamonds by Convergence

o, [E3np(n). A Fvn>0 (rpﬁnza_*; éa>Ap(n— 1) 3n<0p(m- Q.

x>0k ((x:=x—1)")x <1
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x>0F dnx<n+1  x<n+1AN>0F (x:=x—1)x<n—1+1 In<0x<n+1F x<1
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p(nN)=x<n+1
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Example Proof: 2-Nim-type Game

x>0— ((x:=x—1Nx:=x—2)")0<x<2
B Y

- -/

Fixpoint style proof technique

| Q

¢
v(-)
0

(") (a*)P+ PV {a)(a*)P us

(*),V.cut x>0— (a*)0<x<2
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U5 ux (0<x<2V (a) (@*)0<x<2 — (a*)0<x<2) — (x > 0 — (*)0<x<2)
(*),V,cut

x>0— (a*)0<x<2
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© Differential Hybrid Games
@ Syntax
@ Differential Game Invariants
@ Differential Game Variants
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Differential Game Logic: Syntax

Discrete

Definition (Differential hybrid game o) (TOCL17)

x:=e|?Q|x =f(x,y,2)&yc Y&zcZ|aUB | a;B|a*|a®

Definition (dGL Formula P)

e>8é|-P|PAQ|VYxP|3xP| ()P |[x]P J

[ LA
All Some| |Angel| |Demon
lReaIsl IReaIs' lWins l IWins '
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Differential Game Logic: Syntax

Discrete

Definition (Differential hybrid game o) (TOCL17)

x:=e|?Q|x =f(x,y,2)&yc Y&zcZ|aUB | a;B|a*|a®

Definition (dGL Formula P)

e>8é|-P|PAQ|VYxP|3xP| ()P |[x]P ]

[ LA
All Some| |Angel| |Demon
lReaIs' IReaIs' lWins l IWins '
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Differential Game Logic: Syntax

Discrete | | Test
Assign Game

Differential
Game

Choic
Gam

Repea
e Game Game

tlf Dual
Game

x:=e|?Q| X =f(x,y,2)8yc Y&z Z|aUB |a;B | a* | a®

Definition (Differential hybrid game )

(TOCL17)

Definition (dGL Formula P)

>e|-P|PAQ|VxP|3xP| ()P |[a]P

Demon controls y € Y
Angel controls z € Z

Demon chooses “first”
Angel controls duration

/

|

|

\

André Platzer, Stefan Mitsch (CMU)
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Wins
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Lion and Man Game

~—
ye<t 221

m =My,I'=L1z8 ycB& zcB
~~

@ Both players can change speed at any time
@ Man m choses y € B first
@ Lion / can observe and react, choses z € B and duration
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Lion and Man Game

(I—m)32 >0 [m’ =Myl = Lz&’yeB&zeB] (I—m)2>0
~—

ya<t 221

@ Both players can change speed at any time
@ Man m choses y € B first
@ Lion / can observe and react, choses z € B and duration
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Differential Game Invariants

Theorem (Differential Game Invariants)

DGl

F—[x'=f(x,y,z)&8y € Y&z € Z|F

F
=

—F
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Theorem (Differential Game Invariants)

DGl

F—[x'=f(x,y,z)&8y € Y&z € Z|F
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Differential Game Invariants

Theorem (Differential Game Invariants)

DGl

F—[x'=f(x,y,z)&8y € Y&z € Z|F

~F
F
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Differential Game Invariants

Theorem (Differential Game Invariants)
dy € YVz e Z[x:=f(x,y,2)|(F)

DGl
F— [x =f(x,y,2)&y € Y&z € Z|F

-F
F

“Ni=m|P>0 F [ = My, I = Lz&y e B&z€B] ||I—m|2>0
ifL<M
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Differential Game Invariants

Theorem (Differential Game Invariants)
dy € YVz e Z[x:=f(x,y,2)|(F)

DGl
F— [x =f(x,y,2)&y € Y&z € Z|F

-F
F

[:=] -3y € BVz € B[m:=My][/:=Lz](2(/— m) - (/ — m) > 0)
“Ni=m|P>0 F [ = My, I = Lz&yc B&z€B] ||I—m|2>0
ifL<M
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Differential Game Invariants

Theorem (Differential Game Invariants)
dy € YVz e Z[x:=f(x,y,2)|(F)

DGl
F— [x =f(x,y,2)&y € Y&z € Z|F

-F
F

R -3y € BYz e B(2(I—m)-(Lz— My) >0)
[:=] -3y € BVz € B[m':=My][/:=Lz](2(/— m) - (/ — m) > 0)
“Ni=m|P>0 F [ = My, I = Lz&yc B&z€B] ||I—m|2>0

ifL<M
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Differential Game Invariants

Theorem (Differential Game Invariants)
dy € YVz e Z[x:=f(x,y,2)|(F)

DGl
F— [x =f(x,y,2)&y € Y&z € Z|F

-F
F

*
R -3y € BYz € B(2(I—m)-(Lz— My) >0)
=] -3y € BVz € B[m:=My][/:=Lz](2(/— m) - (/ — m) > 0)
“Ni—m|P>0 F [ = My, I = Lz&yc B&z€B] ||I—m|2>0

ifL<M
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Differential Game Variants

Theorem (Differential Game Variants)

DGV
G (x' =f(x,y,2)8y € Y&z€ Z)g>0

3
=
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Differential Game Variants

Theorem (Differential Game Variants)

DGV
G (x' =f(x,y,2)8y € Y&z€ Z)g>0
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Differential Game Variants

Theorem (Differential Game Variants)

Je>0Vx3ze ZVy € Y(g <0 — [x:=f(x,y,2)](g) > €)
(x' =f(x,y,2)8y € Y&z€ Z)g>0

DGV
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Differential Game Variants

Theorem (Differential Game Variants)

Je>0Vx3ze ZVy € Y(g <0 — [x:=f(x,y,2)](g) > €)

DGV
G (x' =f(x,y,2)8y € Y&z€ Z)g>0

F (X' =2x —yu,u' = zu+ yx8 —2<y<2& -1<z<1)1— x> —1? >0
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Differential Game Variants

Theorem (Differential Game Variants)

Je>0Vx3ze ZVy € Y(g <0 — [x:=f(x,y,2)](g) > €)

DGV
G (x' =f(x,y,2)8y € Y&z€ Z)g>0

F 3e>0VxVuI—1<z<1V—2<y<2 (1-x2—1P<0 — [x":=][u":=]—2xx'—2uu' >€)
F (X' =2x —yu,u' = zu+ yx8 —2<y<2&-1<z<1)1 - x> — 12 >0
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Differential Game Variants

Theorem (Differential Game Variants)

e Je>0Vx3ze ZVy € Y(g <0 — [x:=f(x,y,2)](g) > €)
(x' =f(x,y,2)8y € Y&z€ Z)g>0

F 3e>0VxVud—1<z<1V—-2<y<2 (X2 +1uP>1 — —2x(zx—yu)—2u(zu+yx)>€)
F3e>0VxVuI—1<z<1V—-2<y<2 (1-x2—1P<0 — [x":=][u":=]—2xx'—2uu' >¢)
F (X' = 2x — yu,u' = zu+ yx8 —2<y<2& —-1<z<1)1— x> — 1’ >0
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Differential Game Variants

Theorem (Differential Game Variants)

e Je>0Vx3ze ZVy € Y(g <0 — [x:=f(x,y,2)](g) > €)
(x' =f(x,y,2)8y € Y&z€ Z)g>0

*

F3e>0VxVud—1<z<1V—-2<y<2 (X2 +uP>1 — —2x(zx—yu)—2u(zu+yx)>€)
F 3e>0VxVuI—1<z<1V—2<y<2 (1-x2—1P<0 — [x":=][u":=]—2xx'—2uu' >€)
F (X =2x —yu,u' = zu+ yx8 —2<y<2& —-1<z<1)1— x> — 12 >0
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° Summary
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Summary

differential game logic J ) D<,3

dGL = GL+HG =dL +¢

Logic for hybrid games
Compositional PL + logic

Discrete + continuous + adversarial
Winning regions iterate >o®

Sound & rel. complete axiomatization

Hybrid games are more expressive than hybrid
systems

@ Y radical challenge yet smooth extension
@ Don't use systems thinking for games
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