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What Else Could Possibly Go Wrong?
Proposition (System Proved Safe)

v ≤ vc +δ → [(ctrl;ode)∗]v ≤ vc +δ

U Not close to vc U Not converging to vc ¢ Stable
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S Challenge

Stability is a key correctness criterion for control systems
Ê Stability proofs for CPS
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Asymptotic Stability in dL

Stability stay close to origin when slightly perturbed
Attractivity dissipate energy when slightly perturbed

U Stable ¢ Attractive ¢ Stable U Attractive ¢ Stable ¢ Attractive

Safety and Liveness
Stability: [α]P Attractivity: 〈α〉P
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Stability stay close to origin when slightly perturbed
Attractivity dissipate energy when slightly perturbed

U Stable ¢ Attractive ¢ Stable U Attractive ¢ Stable ¢ Attractive

Safety and Liveness
Stability: [α]P Attractivity: 〈α〉P

S Challenge

How to account for “when slightly perturbed”?

Stefan Mitsch, Yong Kiam Tan (CMU) LFCPS/Stability & Switched Systems LFCPS 3 / 10

https://www.cs.cmu.edu/~smitsch/courses/lfcps22/


Stability in dL

Stability stay close to origin when slightly perturbed

Origin 0 of an ODE x ′ = f (x) with
solution x(t) : [0,T )→ Rn is stable if

for all ε>0

there exists δ>0

s.t. for all ‖x(0)‖ < δ

‖x(t)‖ < ε for all t

Stability

∀ε>0∃δ>0∀x (‖x‖<δ → [x ′ = f (x)]‖x‖ < ε)
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Lyapunov Stability

Lyapunov-functions V are energy-like functions to certify asymptotic stability

V ,V ′ are continuous

V (0) = 0

V (x)>0 for all ‖x‖ > 0

V ′ ≤ 0

Lemma (Lyapunov Proof Rule)
Rule Lyap≥ is derivable in dL

Lyap≥
` f (0) = 0∧V (0) = 0 0 < ‖x‖2 ` V > 0∧V ′ ≤ 0

` ∀ε>0∃δ>0∀x (‖x‖2 < δ 2→ [x ′ = f (x)]‖x‖2 < ε2)
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Attractivity in dL

Attractivity dissipate energy when slightly perturbed

Origin 0 of an ODE x ′ = f (x) with
solution x(t) : [0,T )→ Rn is attractive if

there exists δ>0

s.t. for all ‖x(0)‖ < δ

limt→T x(t) = 0

Attractivity

∃δ>0∀x (‖x‖<δ →∀ε>0〈x ′ = f (x)〉[x ′ = f (x)]‖x‖ < ε)

Pre-attractivity

∀ε>0∀δ>0∃T≥0∀x (‖x‖<δ → [t := 0;{x ′ = f (x), t ′ = 1}](t≥T →‖x‖<ε))
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Switching & Stability

Switching between stable ODEs can be unstable
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Switched Systems

Family P of ODEs x ′ = fp(x),p ∈P
Switching signal σ(t) chooses ODE

σ (t)

tσ =1

σ =3

σ =2

x(t)

tx'=f1(x)

x'=f3(x)

x'=f2(x)

Arbitrary Switching as Hybrid Program

Non-deterministic choice between all ODEs:
(⋃

p∈P x ′ = fp(x)
)∗

Controlled Switching as Hybrid Program

Controlled choice between ODEs: (p := ctrl(x);x ′ = fp(x))
∗
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Stability under Switching

Construct loop invariants that imply stability

Arbitrary Switching: Common Lyapunov Function

αarb ≡
(⋃

p∈P x ′ = fp(x)
)∗

∀ε>0∃δ>0∀x (‖x‖<δ → [αarb]‖x‖<ε)

ε

δ

0

Controlled Switching: Multiple Lyapunov Functions

αctrl ≡ (u := ctrl(x);x ′ = fu(x))
∗

∀ε>0∃δ>0∀x (‖x‖<δ → [αctrl]‖x‖<ε)
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Summary

Stability is a key correctness criterion for real-world safety
Stability stay close to origin when slightly perturbed
Attractivity dissipate energy when slightly perturbed
Lyapunov functions certify stability
Switching needs care to not cause instability
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